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Abstract 
In this work a novel hybrid approach is presented that uses a combination of 
both time domain and frequency domain solution strategies to predict the power 
distribution within a lossy medium loaded within a waveguide.  The problem of 
determining the electromagnetic fields evolving within the waveguide and the los-
sy medium is decoupled into two components, one for computing the fields in the 
waveguide including a coarse representation of the medium (the exterior problem) 
and one for a detailed resolution of the lossy medium (the interior problem). A 
previously documented cell-centred Maxwell’s equations numerical solver can be 
used to resolve the exterior problem accurately in the time domain. Thereafter the 
discrete Fourier transform can be applied to the computed field data around the in-
terface of the medium to estimate the frequency domain boundary condition in-
formation that is needed for closure of the interior problem. Since only the electric 
fields are required to compute the power distribution generated within the lossy 
medium, the interior problem can be resolved efficiently using the Helmholtz equ-
ation. A consistent cell-centred finite-volume method is then used to discretise this 
equation on a fine mesh and the underlying large, sparse, complex matrix system 
is solved for the required electric field using the iterative Krylov subspace based 
GMRES iterative solver. It will be shown that the hybrid solution methodology 
works well when a single frequency is considered in the evaluation of the Helm-
holtz equation in a single mode waveguide.  A restriction of the scheme is that the 
material needs to be sufficiently lossy, so that any penetrating waves in the ma-
terial are absorbed.  
Introduction 
Over the last two decades, researchers in the field of computational electro-
magnetics (CEM) have explored a number of numerical techniques to resolve the 
electromagnetic fields inside waveguide and cavity structures [1-5].  The popular 
finite-difference time-domain (FD-TD) method originally proposed by Yee [6] 
provides very accurate results on structured domains, however it is not 
straightforward to migrate the scheme to an entirely unstructured mesh.  The FD-
TD method has been used previously in the literature with great success to simu-
late microwave heating problems [5, 7]. It is proposed here to use a hybrid ap-
proach that combines the frequency and time domain numerical solvers to resolve 
the power distribution inside a waveguide loaded with a lossy medium. 
 
Typically, the FD-TD method when applied to computing the power distribu-
tion in a lossy dielectric load can be a computationally intensive (in terms of CPU 
time and memory) solution scheme. This research work aims to establish a scheme 
that can predict the heating distribution inside a lossy medium, both accurately 
and efficiently.  To achieve this goal, a new hybrid approach is developed where-
by the problem of determining the electromagnetic fields evolving within the wa-
veguide and the lossy medium is decoupled into an exterior problem for compu-
ting the fields in the waveguide, including a coarse representation of the medium  
and an interior problem for a detailed resolution of the lossy medium. This scheme 
is demonstrated on structured grids, so that the accuracy of the developed method 
can be compared to the exact solution.  Since the motivation behind this research 
is to develop numerical schemes that can be used on unstructured grids, a time-
domain scheme that is unstructured in theory needs to be implemented.  Here, an 
existing cell-centred time domain numerical solver for the Maxwell’s equations is 
used in the free-space component of the domain to resolve the electromagnetic 
field behaviour [8].  The cell-centred numerical solver is discussed in the section 
labelled Numerical Solution of the Maxwell’s Equations. 
 
In the past, a number of researchers in the field of electromagnetics and micro-
wave heating have used frequency domain strategies to predict the power distribu-
tion inside lossy media [9, 10].  However, it was highlighted that when the analy-
sis is performed on the whole domain of the waveguide, including the load or 
material, the decomposition when formulated into a system of linear equations 
yields a coefficient matrix that is highly ill-conditioned.  Adaptive iterative tech-
niques that use left and right preconditioning have to be utilised to obtain electric 
field solutions inside the material.  Although, it is possible to condition (via left 
and right preconditioning) a matrix that performs well numerically, a small change 
in the layout of the problem can cause the system to break down numerically.  The 
strict ill conditioning in the coefficient matrix is generally related to the imple-
mentation and spatial location of the boundary information. 
 
The hybrid method proposed here aims to utilise the schemes to their full ad-
vantage in the time and frequency domains.  The time-domain solver is used to 
predict boundary information via the discrete Fourier transform (DFT).  This pro-
cedure is normally fast, due to the fact that the time-stepping constraints of the 
time-domain solver are restricted by only the free-space properties.  Given that the 
boundary information at a material interface can be obtained accurately and effi-
ciently, the Helmholtz equation can be resolved using a mesh imposed on the do-
main of the load alone.  The boundary information obtained from DFT is used as 
the material boundary condition in the solution of the Helmholtz equation.  The 
resulting system of equation that governs the physical phenomena in the material 
is better conditioned than a system that is representative of the domain of the free-
space and the load.  Such a system of linear equations is solved using a Krylov 
subspace method [11].  Normally for multi-mode cavities, the solution to the 
Helmholtz problem is obtained for a number of frequencies within the vicinity of 
the dominant mode.  This is necessary if representative electric field behaviour in-
side the load is to be attained.                 
Numerical Solution of the Maxwell’s Equations – Exterior Problem 
In free-space, the time-domain numerical method is used to obtain the solution 
of the microwave applicator on a coarse grid that satisfies the stability require-
ments for the external region of the computational domain, excluding the lossy 
material.  To do this, a cell-centred numerical solver is used to predict the electric 
and magnetic field components for discrete cells [8].  All of the components of the 
electric and magnetic fields are located at the same cell-centred spatial location.  
For a given cell, interpolation is used to estimate the facial unknowns.   
 
To establish the cell-centred scheme, the Maxwell’s equations have to be revi-
sited and formulated to cater for electric and magnetic field components at the 
cell-centres:                           
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The Maxwell’s equations (1) are transformed into a surface-volume representa-
tion.  To obtain this form, the divergence theorem with certain vector product 
properties has to be incorporated into the evaluation of the equation: 
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From (2), the discrete in space form of the Maxwell equations can be deduced 
directly.  For a given cell in the computational domain, the electromagnetic beha-
viour can be represented at a point p as: 
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To resolve (3) in terms of time, a staggered Leapfrog discretisation is adapted 
to the left-hand sides of (3).  The resulting system of equations is expressed as: 
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where, the magnetic and electric fields at a given cell-centre have been stag-
gered half a time step apart.  In (4), n is the unit outward normal to face F, and pζ  
is the set of faces that constitute the pth cell in a computational domain. 
FΔS  and 
ΔV  are the surface area of a particular face in pζ  and the volume of the p
th cell, re-
spectively.  On structured grids, the facial values can be obtained by simply aver-
aging the cell-centre values of the cells common to that face.   Such averaging of 
the cell values provides a second order in space and second order in time numeri-
cal scheme.  The method in (4) is usually referred to as a staggered Leapfrog dis-
cretisation (SLF) to Maxwell’s equations.       
Numerical Solution of the Helmholtz Equation – Interior Problem 
Numerous applications for computing the electromagnetic fields using frequen-
cy domain solution strategies for the purpose of heating have been employed in 
the past [7, 9, 10].  In this section, the frequency domain equations are outlined, 
and brief descriptions of the different terms are provided.  In time-harmonic form, 
the electromagnetic behaviour can be represented as a set of coupled curl equa-
tions: 
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In (5), by taking the curl of the latter equation, and substituting it into the first 
expression, the following Helmholtz equation for the electric field that satisfies the 
divergence criteria is obtained: 
0,k 22 =+∇ EE  
i).σεωω(μk 0
2 −=  
 
(6) 
Note that since the interest lies in computing the power distribution, it is neces-
sary only to determine the electric field inside the lossy medium. On structured gr-
ids, (6) can be discretised using the standard (for example, second-order) finite-
difference stencil to obtain a system of linear equations.  This yields a finite-
volume method for the spatial discretisations.  When written in matrix form, the 
resulting large, sparse complex system of equations can be solved using the 
GMRES method [11].  Other methods can be used with and without precondition-
ing to obtain the solution to the discrete system governed by (6).  Since ω  is fre-
quency dependent, for multi-mode waveguides and cavities, the system obtained 
from the discretisation of (6) has to be resolved for a number of distinct frequen-
cies.  The number of frequencies used in the evaluation of the power distribution 
depends on the different modes existent in the microwave heating apparatus.  
Normally, a number of discrete frequencies have to be taken in the neighbourhood 
of the dominant frequency to identify the power distribution within the medium.  
The solutions at these discrete frequencies are then collated, to obtain the electric 
field behaviour inside the material or load. The power distribution is calculated 
from the electric field inside the domain of the material using the following equa-
tion: 
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The scope of this research is limited to finding the power distribution inside the 
lossy medium.  If required, the power distribution can be coupled with the forced 
heat equation to obtain heating inside the material.     
Summary of the Hybrid Method 
The proposed hybrid model combines a time dependent solver with the Helm-
holtz equation, and calculates the power distribution from the electric field Helm-
holtz equation.  In this case, the time dependent equations are solved everywhere, 
even inside the material, to maintain consistency of the solution.  It can be shown 
that for lossy media on a fairly coarse mesh, it is possible to capture the time de-
pendent unknowns at an interface between free-space and the dielectric load.  
Generally, the computed time dependent solution contains fairly large errors in-
side the load, but it maintains a good approximation to the solution in the free-
space region, and particularly at the material interface.        
 
For a multi-mode waveguide or cavity, by using discrete Fourier transform, it is 
possible to take a band of discrete frequencies in the neighbourhood of the domi-
nant frequency and transform the time dependent solution to the frequency domain 
(typically, for a period of the wave).  This has to be performed once the time de-
pendent solution has assumed a plane wave form.  During the time stepping of the 
numerical solver at the interface between the free-space and the dielectric load, the 
time dependent electric fields are mapped to their equivalent fields in the frequen-
cy domain.  Once the electric field on the material boundaries at a particular fre-
quency has been computed, the Helmholtz equation is solved implicitly at that 
discrete frequency.  Since all of the frequency dependent electric fields are com-
puted using DFT on the faces of the material, the resulting system of linear equa-
tions is complex, also in this case it is sparse and banded.  To find the solution to 
such a matrix system, a reliable iterative solver without preconditioning is utilised 
(GMRES) [11].  The Hybrid scheme makes the assumption of a single dominant 
mode inside the microwave heating apparatus.  For microwave heating, the fre-
quency bandwidth is narrow, hence the assumption of a single dominant frequency 
inside the microwave applicator makes the time-harmonic solution feasible.     
Results  
A simple study to demonstrate the potential of the Hybrid method has been 
considered and investigated.  The implementation of a loaded waveguide study is 
illustrated.  The results are compared to the exact solution to assess the accuracy 
of the method.  The SLF scheme outlined in a previous section was used to gener-
ate the frequency domain boundary information for the Helmholtz equation.  The 
time-domain information at material interfaces was converted to the frequency 
domain using a number of frequencies in the neighbourhood of the dominant TE10 
2.45GHz mode.  It was observed that for this study, the dominant frequency could 
accurately capture the exact solution.  The incident TE10 wave was smoothed us-
ing a Gaussian function:  
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where, T is the period of the wave. The waveguide is dimensioned 0.1 x 0.05 x 
0.4 m3.  A load of size 0.1 x 0.05 x 0.1 m3 was placed at the short circuit end of 
the waveguide.  At z = 0.1 metres, the incident field was imposed to propagate the 
electromagnetic fields.  The material was discretised using a mesh of size 40 x 20 
x 30 cells (ie. 24 000 cells).              
 
 
Fig. 1. The Hybrid method compared to the exact solution (dielectric property 2-0.5i); (a) 
exact solution, and (b) Hybrid-2.45GHz.  
For this study, the standard conducting wall boundary conditions were imple-
mented.  Any impinging reflected waves in the scattered field region of the guide 
were absorbed using a perfectly matched layer (PML) absorbing boundary condi-
tion [12].   
 
 
Fig. 2. The Hybrid method compared to the exact solution (dielectric property 3-i); (a) ex-
act solution, and (b) Hybrid-2.45GHz.  
In Figs. 1 and 2, the Hybrid method is compared to the exact solution.  The Hy-
brid method has been implemented using the dominant 2.45GHz frequency.  In the 
figures, the power distribution is calculated for a material with properties 
jr 5.00.2 −=ε  and jr −= 3.0ε , respectively.  The solution has been normalised (ie. 
scaled by the largest value), so that the scheme can be compared using the same 
legend and any similarities in the solution between the Hybrid method and the ex-
act solution can also be demonstrated.  For heating purposes, the magnitude of the 
power distribution is less important than the location of the hot spots, and hence, 
the focus concerns the analysis of the locations of the hot spots.  It can be seen 
from the figure that at the sole 2.45GHz frequency Hybrid solution, the power dis-
tribution is obtained fairly accurately, and the numerical approximation obtained 
from the Hybrid method tends to be the one observed by the exact solution.  Ri-
gorous amplitude analysis for the Hybrid scheme is left to future research.     
 
Computationally, the classical FD-TD method is very fast.  Though, the Hybrid 
scheme uses a coarser grid outside the domain of the material, and for this reason, 
when the Hybrid solution is computed for a single frequency, the time to obtain 
the solution is comparable to the FD-TD method. 
Conclusions 
This research work illustrates that a cell-centred Maxwell’s equations numeri-
cal solver with Leapfrog time integration can be used to obtain the frequency do-
main boundary condition information via the discrete Fourier transform at the ma-
terial interfaces.  This boundary information is then used to resolve the Helmholtz 
equation for the electric fields at several frequencies within the lossy medium.   
 
At the dominant frequency, the Hybrid method was used to solve for the elec-
tric fields inside a microwave heating apparatus.  The electric fields are then di-
rectly related to the power distribution inside the lossy medium.  For this simple 
case study, it is evident from the results that the Hybrid method can capture the 
electromagnetic field behaviour inside the material for lossy media more than 
adequately. 
 
This new solution methodology initiates future work on unstructured domains 
for hybrid solvers for multi-mode cavities, where decoupled domains for both the 
free space and the lossy medium can be utilised for predicting the power distribu-
tion inside a lossy arbitrarily shaped material loaded inhomogeneously within a 
microwave cavity structure. The impact of using preconditioning in the solution 
strategy of the Hybrid method is currently under investigation.  Future work will 
also investigate numerical solvers that use higher order approximations for the cell 
face unknowns.  In that work, material interface boundary treatments using dielec-
tric properties will also be considered and treated. Further investigation on pre-
conditioners will also be carried out. 
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